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Abstract—Analog beamforming with phased arrays is a
promising technique for 5G wireless communication in millimeter
wave bands. A beam focuses on a small range of angles of arrival
or departure and corresponds to a set of fixed phase shifts across
frequency due to practical hardware constraints. In switched
beamforming, a discrete codebook consisting of multiple beams is
used to cover a larger angle range. However, for sufficiently large
bandwidth, the gain provided by the phased array is frequency
dependent even if the radiation pattern of the antenna elements
is frequency independent, an effect called beam squint. This
paper shows that the beam squint reduces channel capacity
of a uniform linear array (ULA). The beamforming codebook
is designed to compensate for the beam squint by imposing a
channel capacity constraint. For example, our codebook design
algorithm can improve the channel capacity by 17.8% for a ULA
with 64 antennas operating at bandwidth of 2.5 GHz and carrier
frequency of 73 GHz. Analysis and numerical examples suggest
that a denser codebook is required to compensate for the beam
squint compared to the case without beam squint. Furthermore,
the effect of beam squint is shown to increase as bandwidth
increases, and the beam squint limits the bandwidth given the
number of antennas in the array.
I. INTRODUCTION
Millimeter-wave (mmWave) bands can provide the oppor-
tunity for GHz of spectrum in next-generation (5G) cellular
communication [1]. However, the signals at mmWave fre-
quencies experience significantly higher path loss, typically
20 dB or more, than signals below 6 GHz [2]. Beamforming
with a phased array using a large number of antennas can
compensate for the attenuation of mmWave while supporting
mobile applications [3]. In this paper, we consider switched
analog beamforming with one phased array and associated RF
chain for mobile communication. To cover a certain range of
angle of arrival (AoA) or angle of departure (AoD) in switched
beamforming, a “codebook” consisting of multiple beams is
required [4], with each codeword in the codebook consisting
of a set of beamforming phases.
Typically, each branch in a phased array has the same
phase shift for all frequencies within the band of study,
and it is a relatively good approximation to a time delay
for narrowband signals. However, this approximation breaks
down for signals with large bandwidth if the angle of arrival
(AoA) or angle of departure (AoD) is away from broadside,
because phase shifters correspond to different time delays
for different frequencies in the band. The net result is that
the array response varies over frequency, and the beams for
frequencies other than the carrier “squint” as a function of
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Fig. 1. Structure of a uniform linear array (ULA) with analog beamforming
using phase shifters. The distance between the adjacent antennas is d, and
θ denotes either the angle-of-arrival (AoA) for reception or the angle-of-
departure (AoD) for transmission.
frequency [5]. This phenomenon is called beam squint [6].
Beam squint introduces array gain variations over frequency
for a given AoA or AoD [7]. Approaches to eliminate or
reduce beam squint have been studied, including true time
delay [8]. However, such approaches are not appealing for
mobile wireless communication due to combinations of high
implementation cost, significant insertion loss, large size, or
excessive power consumption [7], [8].
In this paper, we study three aspects of beam squint. First,
we show several effects of beam squint on channel capacity
and spectral efficiency. For example, beam squint reduces the
channel capacity, especially if the number of antennas and
fractional bandwidth, defined as the ratio of the bandwidth
to the carrier frequency, are large. Second, a beamforming
codebook is designed to compensate for the beam squint by
imposing a channel capacity constraint. Third, it is illustrated
that the required codebook size increases with the number
of antennas in the array as well as the fractional bandwidth.
There is also a tight upper bound for the fractional bandwidth
with fixed number of antennas; beyond this upper bound on
the fractional bandwidth, no codebook satisfying the constraint
exists.
II. SYSTEM MODEL
We consider an OFDM system with bandwidth B and Nf
subcarriers. Label the subcarriers as 0, 1, . . . , Nf − 1 with
increasing frequency. A uniform linear array (ULA) with N
identical and isotropic antennas is used as shown in Fig. 1.
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The distances between two adjacent antenna elements are all
d. The AoD or AoA θ is the angle of the signal relative to the
array broadside, increasing counterclockwise. Similar to [7],
to better study the beam squint, angle is denoted in a virtual
angle domain, defined as
ψ = sin θ. (1)
Let the beamforming vector be denoted as
w =
[
ejβ1 , . . . , ejβn , . . . , ejβN
]T
, (2)
where βn is the phase of nth phase shifter connected to the
nth antenna element. For simplicity, we assume phase shifters
have infinite resolution, i.e., βn, n = 1, 2, ..., N is continuous.
To maximize the array gain in a direction ψF , signals from or
to all N antennas should have the same time delay by setting
up phased shifters. From [7], to focus the array for the carrier
frequency fc on direction ψF , we have
βn (ψF ) = 2piλ
−1
c d (n− 1)ψF , n = 1, 2, . . . , N, (3)
where λc is the wavelength of the carrier frequency. We call
the beam with phase shifts described in (3) a fine beam, in
which the array focuses on a single AoA/AoD, maximizing
the array gain. We study fine beams throughout the paper.
A. Model for Beam Squint
The phase shifts are fixed for all frequencies within band-
width B, introducing beam squint. Denote a subcarrier’s
absolute frequency f relative to the carrier frequency fc as
f = ξfc, (4)
where ξ is the ratio of the subcarrier frequency to the carrier
frequency. Thus, f ∈ [fc − B2 , fc + B2 ]. Define the fractional
bandwidth
b := B/fc. (5)
Then, ξ ∈ [1− b/2, 1 + b/2]. For instance, ξ varies from 0.983
to 1.017 and b = 0.034 for a system with 2.5 GHz bandwidth
at 73 GHz carrier frequency.
Assume d = λc/2. From [7], the array gain for subcarrier
ξ, AoA/AoD ψ, and beam focus angle ψF can be expressed
as g (ξψ − ψF ), where
g (x) =
sin
(
Npix
2
)
√
N sin
(
pix
2
)ej (N−1)pix2 . (6)
The gain for subcarrier ξ at AoA/AoD ψ is equivalent to the
gain for the carrier frequency at AoA/AoD ψ′ = ξψ. The
effect of beam squint increases if the AoA/AoD is away from
the beam focus angle. Fig. 2 illustrates an example of array
gains for different frequencies as well as the plot of |g (x)|.
The main lobe is the one with the highest gain, and the side
lobes have smaller gains. Our study focuses on the main lobe.
The range of the main lobe of g (x) is x ∈ [− 2N , 2N ], and
the span of the main lobe is 4N . If x ∈
[− 4Npi , 4Npi ], g (x) is
strictly concave. The maximum array gain is
gm = max
ψ∈[−1,1]
g (ψ − ψF ) =
√
N. (7)
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Fig. 2. Example of g (x) from (6) for a fine beam with N = 16 antennas
and half-wavelength antenna spacing d = λc/2. The curve in bold illustrates
the array gain variations for different frequencies within the band.
B. Channel Capacity of OFDM system
For simplicity, we only study the beam squint of a single
array. To be specific, assume there is no beam squint at the
transmitter and equal power is allocated to all subcarriers in
the transmitter, which is common if channel state information
is not known at the transmitter. In mmWave bands with
fine beams at both the transmitter and receiver, the channel
becomes sparse [3]. We therefore assume there is only one
signal path, so that the channel is flat over frequency.
The total power received within bandwidth B by one
antenna before beamforming is P , and the spectral density
of white Gaussian noise modeling thermal noise is σ2. The
channel capacity with beam squint at AoA ψ and beam focus
angle ψF is
CBS (ψF , ψ, b) =
B
Nf
Nf−1∑
n=0
log
(
1 +
P |g (ξnψ − ψF )|2
Bσ2
)
,
(8)
where
ξn = 1 +
(2n−Nf + 1) b
2Nf
. (9)
For comparison, the channel capacity without beam squint at
AoA ψ and beam focus angle ψF is
CNBS (ψF , ψ) = B log
(
1 +
P |g (ψ − ψF )|2
Bσ2
)
. (10)
Again, the channel capacity without beam squint can be real-
ized by replacing phase shifters with true-time-delay devices
[8]. However, the cost is too high for mobile communication.
We define CNBS for comparison with CBS. Both CNBS (ψF , ψ)
and CBS (ψF , ψ, b) are maximized if ψ = ψF .
III. EFFECT OF BEAM SQUINT ON CHANNEL CAPACITY
The angle range with beam focus angle ψF and array gain
no less than rgm, 0 < r < 1, can be expressed as
R0 (ψF , r) = {ψ : |g (ψ − ψF )| ≥ rgm, ψ ∈ [−1, 1]} . (11)
Define R3dB (ψF ) = R0
(
ψF ,
√
2
2
)
as the angle set for 3 dB
beamwidth about beam focus angle ψF .
Fact 1. If all the subcarriers lie within a range defined by(
1 + b2
)
ψ ≤ (ψF + 4Npi ) and (1− b2)ψ ≥ (ψF − 4Npi ), i.e.,
ψF− 4Npi
(1− b2 )
≤ ψ ≤ ψF+ 4Npi
(1+ b2 )
, then
CBS (ψF , ψ, b) ≤ CNBS (ψF , ψ) . (12)
Equality is achieved if and only if ψ = 0.
Fact 1 can be proved with Jensen’s Inequality and the
concavity of g (x) for x ∈ [− 4Npi , 4Npi ]. The proof is omitted.
The angle range defined by ψF−
4
Npi
(1− b2 )
≤ ψ ≤ ψF+ 4Npi
(1+ b2 )
is much
larger than that of the 3 dB beamwidth defined by R3dB (ψF ).
The spectral efficiency with beam squint can be defined as
EBS (ψF , ψ, b) : =
CBS (ψF , ψ, b)
B
. (13)
We also have the following Fact.
Fact 2. Fix the ratio PBσ2 . If fractional bandwidth b1 < b2,
and ψF−
4
Npi
(1− b22 )
≤ ψ ≤ ψF+ 4Npi
(1+ b22 )
,
EBS (ψF , ψ, b1) ≥ EBS (ψF , ψ, b2). (14)
Equality holds if and only if ψ = 0.
Fact 2 can also be proved with Jensen’s Inequality and the
concavity of g (x) for x ∈ [− 4Npi , 4Npi ]. The proof is omitted.
By fixing the ratio PBσ2 , the transmit power varies linearly
with B for fixed noise spectral density σ2. As the fractional
bandwidth increases, the spectral efficiency decreases accord-
ing to Fact 2.
If the fractional bandwidth increases while P remains
the same by having the same transmit power, CNBS (ψF , ψ)
increases with B [9]. Let B → ∞, then CNBS (ψF , ψ) →
P |g(ψ−ψF )|2
σ2 log2 e [9]. However, the increasing trend does not
apply to CBS (ψF , ψ, b). If B is increased with fixed total
transmit power, CBS (ψF , ψ, b) has trends of first increasing
and then decreasing. Fig. 3 illustrates three examples. For
small B, the effect of beam squint is limited. CBS (ψF , ψ, b)
increases due to the dominant effect of the growing bandwidth,
similar to CNBS (ψF , ψ). As B further increases, the effect of
beam squint dominates, and a larger portion of the subcarriers
have small array gains. Some subcarriers may even fall outside
the main lobe. Therefore, CBS (ψF , ψ) begins to decrease.
IV. BEAMFORMING CODEBOOK DESIGN
To compensate for beam squint, the beamforming codebook
can be designed to satisfy a minimum channel capacity con-
straint for each beam. Suppose we want the codebook to cover
the angle range [−ψm, ψm]. The coverage of a fine beam w
with beam focus angle ψF (w) and target rate Ct is the set
Rc (w, Ct) := {ψ ∈ [−ψm, ψm] : CBS (ψF (w), ψ, b) ≥ Ct} .
(15)
Selection of the capacity threshold Ct depends on the system
design requirements. Generally, we can select the channel
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Fig. 3. Capacity with beam squint CBS (ψF , ψ, b) and without beam squint
CNBS (ψF , ψ, b) as a function of bandwidth for ψ = ψF = 0.9 with fixed
P/σ2 = 2× 109 Hz, d = λc/2, and Nf = 2048.
capacity without beam squint as a benchmark for Ct. For
example, select
Ct (r) = B log
(
1 +
r2NP
Bσ2
)
= CNBS (ψF ,maxR0 (ψF , r)) ,
(16)
where 0 < r < 1. A reasonable choice is Ct,3dB = Ct
(√
2
2
)
,
the capacity without beam squint at the the 3 dB beamwidth,
i.e., the array gain is 3 dB below gm.
The codebook is defined as
Cc :=
{
w1,w2, . . . ,wM :
M⋃
i=1
Rc (wi, Ct) ⊇ [−ψm, ψm]
}
.
(17)
The ith beam in the codebook has weights wi and beam focus
angle ψi,F . We further assume the beam focus angles satisfy
−ψm ≤ ψ1,F < ψ2,F < · · · < ψM,F ≤ ψm. (18)
The codebook size |Cc| = M . Let Ωc be the set of all
codebooks that meet the requirements of (17) for fixed values
of N , b, Ct, PBσ2 , and ψm. There is an infinite number of
codebooks in Ωc. Among them, we focus on the ones that
achieve the minimum codebook size. The problem that needs
to be solved is to find
Cmin = arg min
Cc∈Ωc
|Cc| . (19)
A. Analysis of the Codebook
Define left and right edges of the coverage of beam i as
ψi,l = minRc (wi, Ct), (20)
ψi,r = maxRc (wi, Ct), (21)
respectively. The corresponding beamwidth is
∆ψi = ψi,r − ψi,l. (22)
To achieve the minimum codebook size, there should be as
little overlap as possible in the coverages for all the beams.
One solution is
Rc (wi, Ct) ∩Rc (wj , Ct) = ∅, for i 6= j. (23)
Therefore,
ψi,r = ψi+1,l, i = 1, 2, . . . ,M − 1. (24)
The codebook can be designed by aligning the beams one by
one. ψi,l and ψi,r can be derived from ψi,F by solving
CBS (ψi,F , ψ, b) = Ct. (25)
As there is not a closed-form solution for this equations,
numerical methods must be applied. Take ψi,r for example.
First, we find the beamwidth for Ct without beam squint,
∆ψCt , which is the difference between the two solutions of
CNBS (ψF , ψ) = Ct. All beams without beam squint have the
same beamwidth. From Fact 1, ψi,r must follow
ψi,F ≤ ψi,r < ψi,F + ∆ψCt
2
. (26)
As ψ increases from ψi,F to ψi,F +
∆ψCt
2 , CBS (ψi,F , ψ, b)
monotonically decreases. Therefore, ψi,r can be found through
binary search in
[
ψi,F , ψi,F +
∆ψCt
2
)
[10]. Similarly, ψi,l can
also be solved numerically. Suppose ψi,l is known, ψi,F must
follow
ψi,l ≤ ψi,F < ψi,l + ∆ψCt
2
, (27)
where CBS (ψi,F , ψi,l, b) monotonically decreases as ψi,F in-
creases. Thus, ψi,F can be solved numerically with binary
search.
B. Codebook Design
Among possible codebooks, we are more interested in
the ones that are symmetric relative to the broadside. The
beamwidth varies over beam focus angles because of beam
squint. The codebook size is not known before beam alignment
in the codebook. A codebook design algorithm is illustrated
as shown in Algorithm 1. Similar to the codebook algorithm
in [7], the codebook design is divided into two situations, odd
codebook size |C|o and even codebook size |C|e. The minimum
codebook size |C|min = min (|Co| , |Ce|). We need to note that
no codebook exists if there is no solution in solving for ψi,r
or ψi,F .
C. Constraint of b
Fix the ratio PBσ2 . As the fractional bandwidth b increases,Rc (w, Ct) decreases and the minimum codebook size in-
creases. As b increases further, Rc (w, Ct) could be an empty
set, that is, no solution exists in solving for ψi,r given ψi,F or
solving for ψi,F given ψi,l. Therefore, b has a upper bound,
denoted bsup. As b approaches bsup, ∆ψ1 → 0, ∆ψM → 0,
and thus, |C|min →∞. The upper bound cannot be achieved,
i.e., b < bsup. Suppose b = bsup and M is a finite number.
Then, Rc (wM , Ct) = ψm, and there will be a gap between
Rc (wM−1, Ct) and Rc (wM , Ct). No codebook exists in this
case.
bsup is also related to the number of antennas in the array.
Algorithm 1 Codebook Design with Beam Squint
1: procedure 1(Odd-Number Codebook)
2: Let k = 1
3: Align the first beam so that ψ′1,F = 0
4: Derive ψ′1,r from ψ
′
1,F
5: while ψ′k,r < ψm do
6: Let ψ′k+1,l = ψ
′
k,r
7: Derive ψ′k+1,F from ψ
′
k+1,l
8: Derive ψ′k+1,r from ψ
′
k+1,F
9: ψ′k+2,F = −ψ′k+1,F
10: Align two beams with ψ′k+1,F and ψ
′
k+2,F
11: k = k + 2
12: end while
13: |Co| = k
14: end procedure
15: procedure 2(Even-Number Codebook)
16: Let k = 0, ψ′0,r = 0
17: while ψc,r < ψm do
18: Let ψ′k+1,l = ψ
′
k,r
19: Derive ψ′k+1,F from ψ
′
k+1,l
20: Derive ψ′k+1,r from ψ
′
k+1,F
21: ψ′k+2,F = −ψ′k+1,F
22: Align two beams with ψ′k+1,F and ψ
′
k+2,F
23: k = k + 2
24: end while
25: |Ce| = k
26: end procedure
27: |C|min = min (|Co| , |Ce|)
28: Select the Procedure that achieves |C|min
Fact 3. Design a codebook with Algorithm 1 and capacity
threshold Ct (r), 0 < r < 1. With fixed r,
bsup ≈ a
N
, (28)
where a is a constant.
For example, bsup ≈ 3.04/N for PBσ2 = 0 dB, r =
√
2
2 and
Ct = Ct,3dB .
V. NUMERICAL RESULTS
A. Improvement of Channel Capacity
Algorithm 1 can provide a codebook with minimum channel
capacity Ct (r). A traditional codebook design algorithm al-
locates a beam to cover ψ ∈ R0 (ψF , r) and does not account
for beam squint. For ψ in this set, the channel capacity would
be CBS (ψF , ψ, b), and therefore minimum channel capacity
CBS,min (ψF , b, r) = min
ψ∈R0(ψF ,r)
CBS (ψF , ψ, b). (29)
CBS,min (ψF , b, r) is achieved if ψ is the on the beam edge
with larger magnitude.
Define the capacity improvement ratio as
I (ψF , b, r) =
Ct (r)− CBS,min (ψF , b, r)
CBS,min (ψF , b, r)
. (30)
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Fig. 4. Capacity improvement ratio I (ψF , b, r) in a fine beam as a function
of beam focus angle ψF . r =
√
2
2
, d = λc/2, Nf = 2048, b = 0.0342
(B = 2.5 GHz, fc = 73 GHz), and PBσ2 = 0 dB.
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Fig. 5. Maximum capacity improvement ratio Imax (b, r), as a function of
fractional bandwidth b. r =
√
2
2
, d = λc/2, Nf = 2048, and PBσ2 = 0 dB.
For certain fractional bandwidth b, the maximum capacity
improvement ratio for ψF ∈ [−1, 1] is
Imax (b, r) = max
ψF∈[−1,1]
I (ψF , b, r). (31)
Imax (b, r) is achieved if ψF = ±1.
Figure 4 shows that I
(
ψF , b,
√
2
2
)
increases as N and ψF
increase, where r =
√
2
2 and ψ ∈ R3dB . The figure also
demonstrates that the effect of beam squint increases as ψF
increases. Figure 5 illustrates that Imax
(
b,
√
2
2
)
increases as
b increases, that is, the improvement of the codebook design
algorithm will be more significant if the bandwidth is larger.
For small N , the improvement is negligible.
B. Codebook Size
Fig. 6 shows examples of the minimum codebook size
|C|min as a function of the number of antennas N for ψm = 1,
i.e., the maximum covered AoA/AoD of the codebook is 90◦.
The minimum codebook size increases as N or b increases.
Note that the minimum codebook size also varies with PBσ2 ;
however, our simulations suggest that it only has small effect
on the codebook size. No codebook exists for N ≥ 42 with
b = 0.0714.
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Fig. 6. Minimum codebook size |C|min required to cover ψ ∈ [−1, 1]
as a function of the number of antennas N . Ct is set according to (16).
d = λc/2, Nf = 2048, and PBσ2 = 0 dB. b = 0.0179 corresponds to
B = 0.5 GHz and fc = 28 GHz; b = 0.0342 corresponds to B = 2.5 GHz
and fc = 73 GHz; b = 0.0417 corresponds to B = 2.5 GHz and fc = 60
GHz; b = 0.0714 corresponds to B = 2 GHz and fc = 28 GHz.
VI. CONCLUSION
We analyzed the effect of beam squint as well as its
influence on codebook design in analog beamforming with
a phased array implemented via phase shifters. Beam squint
reduces channel capacity. To compensate for the beam squint,
a beamforming codebook is designed with a channel capacity
constraint. The codebook size increases as the fractional
bandwidth or the number of antennas in the array increases.
Furthermore, the fractional bandwidth is upper bounded for a
fixed number of antennas.
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